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Recent discoveries in the field of observational cosmology have provided increasing evidence that
the Universe is undergoing a late time acceleration, which has also stimulated speculations on
the nature of the dark component responsible for such a phenomenon. Among several candidates
discussed in the current literature, phantom fields, an exotic scalar field with a negative kinetic term
and that violates most of the classical energy conditions, appear as a real possibility according to
recent observational analysis. In this paper we examine the invariant characterization for the energy-
momentum tensor of phantom fields through the Segre algebraic classification in the framework of
general relativity. We also discuss some constraints which are imposed on the values of V (φ) from
the classical energy conditions.
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I. INTRODUCTION
The algebraic classification of symmetric second-order
tensors locally defined on a 4-dimensional Lorentzian
manifold, such as the Ricci tensor Rab, the Einstein ten-
sor Gab and the energy-momentum tensor Tab, is known
as Segre classification [1]. The major idea underlying
most of classifications in science is the concept of equiv-
alence. Clearly the objects may be classified in different
ways according to the criteria one chooses to group them
into equivalence classes. There are, however, criteria that
prove to be more important than others. The great ap-
peal of Segre classification in general relativity is that it
incorporates, ab initio, the Lorentzian character of space-
time. It is of interest in several contexts such as, for
example, in understanding purely geometrical features
of space-times [2], in classifying and interpreting matter
fields in general relativity [3] and in higher dimensional
theories [4] (e.g., 5-D brane-worlds [5]) or still as part of
the procedure for checking whether apparently different
space-times are in fact locally the same up to coordi-
nate transformations (equivalence problem [6]). Because
of Einstein’s equations Gab = κTab the Einsten tensor
(and so Rab) has the same algebraic classification as the
energy-momentum tensor. This can be used to decide,
on base of generic features such as the Segre class, which
energy-momentum tensors do couple to a given geometry.
A great deal of difficulty in Segre classifying second
order tensors in the context of general relativity is that
while Gab and Rab are universal functions of the space-
time geometry, Tab depends on the symmetries of the
model as well as on the particular type or combination of
matter fields present in the cosmological scenario. In this
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regard, a powerful way of imposing physical constraints
and searching realistic forms for the energy-momentum
tensor is through cosmological observations. The high de-
gree of isotropy observed in the Cosmic Microwave Back-
ground Radiation [7], for instance, restricts the general
form of Tab while results from distance measurements us-
ing type Ia supernovae (which constitute the most direct
evidence for the current cosmic acceleration) [8] impose
important constraints on the physical quantities of the
cosmic fluid.
In light of an impressive convergence of observational
results, several groups have recently tested the viability
of different matter fields (or, equivalently, different forms
of Tab) as a realistic description for the matter content
of our Universe. The two favorite candidates are the en-
ergy density stored on the true vacuum state of all exist-
ing fields in the Universe, i.e., the cosmological constant
(TΛab = Λgab) and the potential energy density V (φ) as-
sociated with a dynamical scalar field φ, usually called
dynamical dark energy (see, e.g., [9] for a recent review on
this topic). Physically, the role of such a dynamical dark
energy can be played by any scalar field violating the so-
called strong energy condition (see Sec. III for a discus-
sion). Two possibilities, however, have been exhaustively
explored in the current literature, namely, quintessence
scalar fields with positive kinetic term and an equation-
of-state parameter w ≥ −1 [10], and phantom fields with
negative kinetic term and w < −1 [11, 12, 13]. In terms
of the parameter w, the former case can be seen as a
very general scenario, which includes cold dark matter
models with a cosmological constant (ΛCDM), w = −1,
and cosmologies dominated by topological defects (e.g.,
domain walls, strings and textures) for which w = −n3 ,
n being the dimension of the defect. The latter case in
turn is characterized by strange properties such as, for in-
stance, the fact that its energy density increases with the
expansion of the Universe (in contrast with quintessence
fields); the possibility of a rip-off of large and small scale
2structures of matter; a possible occurrence of future cur-
vature singularity, etc. [12]. Although having these un-
usual characteristics, a phantom type behavior is pre-
dicted by several scenarios, e.g., kinetically driven models
[14] and some versions of brane world cosmologies [15].
From the observational point of view, phantom dark en-
ergy is found to be compatible with most of the classi-
cal cosmological tests and provide a better fit to type Ia
supernovae observations than do ΛCDM or quintessence
scenarios (w > −1). Therefore this means that, although
exotic, phantom fields may be the dominant form of en-
ergy in our universe.
In this paper we examine the invariant characteriza-
tion for the energy-momentum tensor of phantom fields
through the Segre algebraic classification in the frame-
work of general relativity. In Sec. II, by using real null
tetrad technique, we show that phantom fields can be
classified in two different subclasses of equivalence which
are represented by Segre types [1, (111)] and [(1, 111)].
In Sec. III we present the so-called energy conditions of
general relativity for the whole Segre class [1, 111] and
also examine the further restrictions they impose on the
values of the phantom field potential V (φ). We end this
paper by summarizing the main results in the conclusion
Section.
II. SEGRE CLASSIFICATION
A classification of a generic symmetric second order
tensor Tab can be cast in terms of the eigenvalue problem
(T ab − λ δab ) vb = 0 (1)
where λ are eigenvalues, va are eigenvectors, and the
mixed tensor T ab may be thought of as a linear map
Tp(M) 7→ Tp(M). M is a real 4-dimensional space-time
manifold locally endowed with a Lorentzian metric of sig-
nature (− + ++), Tp(M) denotes the tangent space to
M at a point p ∈ M and latin indices range from 0 to
3. Because of the Lorentzian character of the metric the
mixed form of the energy-momentum tensor is no more
symmetric and T ab may not have a diagonal matrix rep-
resentation, i.e., it need not have four linearly indepen-
dent eigenvectors. However, using the Jordan canonical
forms of the matrix of an operator, and imposing the
Lorentzian character of the metric on M , it has been
shown [1, 3] (for detailed calculations in n ≥ 5 dimen-
sional space-times and a review on this topic see [20])
that any energy-momentum tensor defined on Tp(M) re-
duces to one of the four canonical forms:
[1, 111] Tab = 2 σ1 l(amb) + σ2 (lalb +mamb)
+σ3 xaxb + σ4 yayb
[211] Tab = 2 σ1 l(amb) ± lalb + σ2 xaxb
+σ3 yayb
[31] Tab = 2 σ1 l(amb) + 2 l(axb) + σ1 xaxb
+σ2 yayb
[z z¯ 11] Tab = 2 σ1 l(amb) + σ2 (lalb −mamb)
+σ3 xaxb + σ4 yayb ,
(2)
where σ1, · · · , σ4 ∈ R, having different values for differ-
ent formulae, and in the Segre class [z z¯ 11] σ2 6= 0. In
the above ”catalog” the first column is the notation com-
monly used for indicating the Segre class, which is a list
[r1r2 · · · rn] of the dimensions of the Jordan blocks of the
corresponding Jordan canonical matrix. The basis vec-
tors {l,m, x, y} form a real null tetrad basis such that
the only nonvanishing inner products are
lama = x
axa = y
aya = 1 . (3)
This basis is constructed from the preferred directions
intrinsically defined by the tensor, i.e., from the Jordan
basis. The Segre class [1, 111] distinguishes tensors that
have diagonal matrix representation and is the unique
that admit a timelike eigenvector. The comma in this
case is used to separate timelike from spacelike eigenvec-
tors. Regardless of the dimension of a Jordan block, there
is only one eigenvector associated to each block, and the
eigenvector associated to a block of dimension r > 1 is a
null vector [4]. Energy-momentum tensors which belong
to Segre class [211], for example, have only three linearly
independent eigenvectors (one of which is a null vector),
and its characteristic polynomial obtained from (1) has
three roots: one of multiplicity 2 and the others of mul-
tiplicity 1. So, the digits inside the brackets give also
the multiplicity of the real eigenvalues, the complex one
being taken into account by Segre class [z z¯ 11], where
the z z¯ refers to a pair of complex eigenvalues. Degener-
acy amongst eigenvalues in different Jordan blocks will
be indicated by enclosing the corresponding digits inside
round brackets, as in [1, (111)], which indicate that three
out of the four eigenvalues are degenerate. So, to each
Segre class there may be several subclasses depending on
the degeneracies of the eigenvalues.
A. Segre Classification of Phantom Fields
The energy-momentum tensor for the phantom field
has the form [13]
Tab = −φaφb + gab
[
1
2
gcdφcφd − V (φ)
]
, (4)
where V (φ) is the phantom potential, φa ≡ φ;a and the
semicolon denotes covariant derivative. Here we assume
3that φ = φ(t) is a function of time alone evolving in
an isotropic and homogeneous space-time, so gabφ
aφb =
−φ˙2, that is, φa is a time-like vector (indeed an eigenvec-
tor of Tab). In this case it is always possible to find out
two null vectors la and ma such that l
ama = 1, and φa
can be written as
φa =
φ˙√
2
(la −ma) . (5)
Besides, we choose two spacelike vectors xa and ya, be-
longing to the 2-space orthogonal to the 2-space gener-
ated by la and ma, so as to form the real null tetrad
basis {l,m, x, y} defined by (3). In terms of this basis
the metric tensor is written as
gab = 2l(amb) + xaxb + yayb (6)
where the round brackets indicates symmetrization. Tak-
ing into account equations (5) and (6), the canonical form
for the energy-momentum tensor (4) is then written as
Tab = 2 σ1 l(amb) + σ2 (lalb +mamb)
+σ3 (xaxb + yayb) , (7)
where
σ1 = −V (φ) , σ2 = −1
2
φ˙2 , σ3 = −1
2
φ˙2 − V (φ) , (8)
indicating that phantom fields belong to Segre class
[1, 111] (see Eq. (2)) for σ3 = σ4. In order to find the sub-
classes we now determine its eigenvalues and correspond-
ing eigenvectors. For the sake of brevity we present our
results without going into details of calculations, which
can be easily verified from equation (7) and the expres-
sions below. We find that the set of linearly independent
eigenvectors and associated eigenvalues of T ab is given by
la −ma −→ [ 12 φ˙2 − V (φ)]
la +ma −→ −[ 12 φ˙2 + V (φ)]
xa −→ −[ 12 φ˙2 + V (φ)]
ya −→ −[ 12 φ˙2 + V (φ)] .
(9)
Note that three out of the four eigenvalues are degen-
erate, making it apparent that the corresponding Segre
subclass is [1, (111)]. This is the same Segre type as
that for a perfect fluid [16] (we shall comment this lat-
ter). We emphasize that this classification is indepen-
dent of the functional form of the potential V (φ) as well
as the time derivative φ˙ except for φ =cte. In this
latter case the Segre subclass for the phantom field is
[(1, 111)] with −V (φ) a four-time-degenerate eigenvalue.
This is the same Segre subclass of energy-momentum ten-
sors of Λ−term type (cosmological constant) [16]. Since
a Λ−term can always be incorporated into an energy-
momentum tensor of the perfect fluid, we shall banish
this subclass from further consideration.
III. CLASSICAL ENERGY CONDITIONS FOR
PHANTOM FIELDS
In this Section we investigate possible constraints that
the classical energy conditions may impose on the values
of the potential V (φ) as well as on φ˙ for phantom fields.
Restrictions imposed by energy conditions on energy-
momentum tensors of general relativity theory for matter
fields like those represented by Segre classes [211], [31]
and [zz¯11] in Eq. (2), have been presented in the litera-
ture [1, 17]. As we have found the Segre specializations
[1, (111)] and [(1, 111)] for phantom fields, we focus our
attention here only on the Segre class [1, 111] of Eq. (2).
The most common energy conditions are [17, 18] (see also
[19] for a recent discussion on this topic):
(i) The null energy condition (NEC). NEC states that
Tabn
anb ≥ 0 for null vectors na ∈ Tp(M) which,
for Segre class [1, 111], is equivalent to require that
σ2 − σ1 + σα ≥ 0 (α = 3, 4).
(ii) The weak energy condition (WEC). WEC states
that Tabt
atb ≥ 0 for timelike vectors ta ∈ Tp(M).
This will also imply, by continuity, the NEC. The
WEC for Segre class [1, 111] means that σ2−σ1 ≥ 0.
(iii) The strong energy condition (SEC). SEC is the
assertion that for any timelike vector (Tab −
T/2gab)t
atb ≥ 0, where T is the trace of Tab. If
Tab belongs to the Segre class [1, 111] then we must
have 2σ2 + σ3 + σ4 ≥ 0.
(iv) The dominant energy condition (DEC). DEC re-
quires that Tabt
atb ≥ 0 for timelike vectors ta ∈
Tp(M) and the additional requirement that Tabt
b
be a non-spacelike vector. By continuity this will
also hold for null vectors na ∈ Tp(M). For energy-
momentum tensors of Segre class [1, 111] this re-
quires that σ2−σ1 ≥ 0, and σ1−σ2 ≤ σα ≤ σ2−σ1
(α = 3, 4).
When imposed on the energy-momentum tensor of the
phantom field these energy conditions require:
NEC ⇒ − 12 φ˙2 ≥ 0
WEC ⇒ − 12 φ˙2 + V (φ) ≥ 0
SEC ⇒ φ˙2 + V (φ) ≤ 0
DEC ⇒ −φ˙2 ≥ 0 and V (φ) ≥ 0
From the above conditions, it should be noticed that al-
though the Segre subclass [1, (111)] for the phantom field
is consistent with the Lorentzian signature of the met-
ric tensor gab, imposition of NEC, as well as DEC, gen-
erates at least one contradiction in the sense that the
timelike character (−φ˙2 = gabφaφb) of the vector φa is
violated. Maintaining the Lorentzian timelike character
of φa WEC can be preserved only for positive potentials
since that V (φ) ≥ φ˙2/2. SEC, on the other hand, can-
not be satisfied unless V (φ) is negative and V (φ) ≤ −φ˙2.
There is however an interval (−φ˙2 < V (φ) < φ˙2/2) in
40 V(φ). .1
2
_φ2-φ2
IIIIII
>
FIG. 1: Energy conditions constraints on phantom fields po-
tential. In interval (I) phantom fields do not violate SEC but
do violate WEC. In interval (II) both (SEC and WEC) are
violated while in region (III) phantom fields do not violate
WEC but do violate SEC.
the values of potential for which neither SEC nor WEC
are preserved. Figure 1 shows such intervals. In in-
terval I phantom fields do not violate SEC but do vi-
olate WEC. In region II both SEC and WEC are violate
while in region III phantom fields do not violate WEC
but do violate SEC. It is worth mentioning that evolving
quintessence and phantom fields with linear-negative po-
tentials have been recently proposed and studied in light
of recent cosmological observations. As shown in Ref.
[21], such models provide a good fit for the current su-
pernovae data being, therefore, a potential candidate for
dark energy.
At this point, it is important to observe that in our
approach the energy conditions refer to quantities like
potentials and/or time derivatives of the fields as well as
invariantly defined vectors. It is also possible to present
the same results in terms of pressures and density as-
sociated to the phantom field. As we have noted, the
Segre subclass [1, (111)] obtained for the phantom field
is the same as that for a perfect fluid. This means that
the energy-momentum tensor for an ideal fluid can also
be written in the form (7) by identifying σ1 = (p− ρ)/2,
σ2 = (p+ρ/2) and σ3 = p, where p and ρ are the pressure
and the density of the fluid.
IV. CONCLUSION
Motivated by a number of observational results, the
idea of phantom fields as candidate for the dark energy
has been largely explored in the current literature. In this
paper we have examined the algebraic classification of the
energy-momentum tensor Tab of such fields for generic
potential terms. We have shown that the phantom Tab
belongs to Segre subclasses [1, (111)] or [(1, 111)]. As is
well known, all energy-momentum tensors belonging to
these Segre subclasses (e.g., perfect fluid and Λ−term
type energy-momentum tensors) couple to Friedmann-
Robertson-Walker geometries. We also have found some
constraints which are imposed on the values of V (φ) from
the classical energy conditions. Although the SEC is
being violated right now, according recent observational
data regarding the accelerating universe, we see from our
analysis that an evolving potential function V (φ) can, in
principle, be constructed such that this condition is not
violated in the past (interval I of FIG. 1), while in that
epoch WEC must be violated. Although negative poten-
tial for phantom fields have already been proposed, the
transitions from interval I to interval II and to III de-
mand some studies. Our approach makes also clear that
imposition of NEC, as well as DEC, on phantom fields
generates a strong contradiction about the timelike char-
acter of the vector φa composing the energy-momentum
tensor.
As discussed earlier, the Segre classification technique
can also be applied to the geometric part of Einstein’s
equations. In this case, the results could be used to im-
pose the energy conditions directly, via Segre classes, on
the coefficients of a given metric such as, for example,
the FRW metric. From such an analysis, the production
of future singularities in an expanding universe without
violating the classical energy conditions could be stud-
ied (see, e.g. [22]). This possibility will be explored in a
forthcoming communication.
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